Abstract. Two different types of orthogonality condition models (OCM) are equivalently formulated in the Faddeev formalism. One is the OCM which uses pairwise orthogonality conditions for the relative motion of clusters, and the other is the one which uses the orthogonalizing pseudo-potential method. By constructing a redundancy-free T -matrix, one can completely eliminate the redundant components of the total wave function, without introducing any limiting procedure. As an example, three α-particle model interacting via the deep αα potential by Buck, Friedrich and Wheatley is investigated.
Introduction
The Faddeev formalism for three composite particles has always suffered from the insufficient treatment of the Pauli principle. For example, in the 3α Faddeev study by one of the authors [1] one-term separable αα potentials are used to reproduce the damped inner oscillation of the relative wave functions, which is the most important effect of the Pauli principle between 2α clusters. Due to the insufficient treatment of the Pauli principle among 3α clusters, some of the obtained states (0 2 + and 1 − states) were concluded to be spurious since they contain a large amount of redundant components. On the other hand, a large binding energy of the shell-model like ground state and the excited 0 + state with well-developed cluster structure are simultaneously reproduced, which can never be realized by Ali-Bodmer's phenomenological αα potential with the repulsive core. The large overbinding of the 3α ground state with E 3α = −17 MeV (without the Coulomb force) is most easily understood by considering that the damped inner oscillation of the 2α relative motion is enhanced in the compact 3α system and the attractive nature in the short-range part of the core-less potential overwhelms the large kinetic energies. [2] The same situation is also found in the work by Oryu and Kamada [3] . They started directly from the microscopic 2α-cluster kernel of the resonating-group method (RGM), and converted it to the many-rank separable potentials which are suitable for the Faddeev calculation. Although their admixture of the redundant components is relatively small, their binding energy of the ground state is extremely large with E 3α ∼ −20 MeV. [4] Since the fish-bone optical model proposed by Schmid [5] also gives a large ground-state energy, these authors claim that some sort of 3α force is definitely necessary in the 3α boson model to obtain a reasonable agreement with the experimental observation. [6] We think that this repulsive 3-cluster force can be partly avoided by the complete elimination of the 3α redundant components, which cannot be excluded at the 2α potential level. From the microscopic point of view based on the 3α RGM, the model space for the relative motion of the 3α clusters has a well-defined notion solely determined from the assumed internal wave functions of the α clusters. The standard interpretation of the 3-cluster force may be the one which stems from the interaction kernel connected to the full antisymmetrization among the three clusters. [7] Recently, we have developed 3-cluster Faddeev formalism which employs 2-cluster RGM kernel directly. [8, 9] In this formulation, we first write down the RGM equation in the form of the Schrödinger-type equation. The resultant interaction term becomes non-local and energy-dependent. This linear energy dependence in the interaction term originates from the separation of the overlap kernel to the direct term and the exchange normalization kernel. The two-cluster RGM equation sometimes involves redundant components. In such a case, the complete off-shell T -matrix is not well-defined in the standard procedure. [10] Our strategy is to make a clear distinction between the energy ε in the interaction term and the starting energy ω involved in the 2-cluster Green function. Assuming the energy ω involved in the interaction term as a mere parameter, we can define the full T -matrix, T (ω, ε), through the standard procedure. Although T (ω, ε) is singular when ω = ε, there is no harm in solving the Faddeev equation for the bound states since ω is negative and ε is usually positive. Our finding is that the modified T -matrix, T (ω, ε), obtained by subtracting this divergent term is the proper "RGM T -matrix", which should be used in the Faddeev equation. The remaining energy-dependence inT (ω, ε) should be determined self-consistently by calculating the expectation value of the 2-cluster Hamiltonian with the resultant total wave-function of the Faddeev equation. In Ref. [8] , we proved that this formalism is completely equivalent to the orthogonality condition model (OCM) with pairwise orthogonality conditions, proposed by Horiuchi [11, 12] , using the RGM interaction term as the pairwise interaction. The energy dependence in the interaction term should be determined self-consistently even in this 3-cluster equation.
In this paper, we will show that this Faddeev formalism developed for 2-cluster RGM kernel is also applicable to the usual 3-cluster OCM. In this case, the corresponding "RGM T -matrix" no longer involves the ε-dependence, although the interaction term of the Schrödinger-type OCM equation is still energy dependent. We will also show that this 3-cluster Faddeev equation is equivalent to the Faddeev equation formulated for the "redundancy-free" T -matrix obtained from the original OCM potential by applying Kukulin's method of orthogonalizing pseudo-potentials [13] . Through these procedures, we can prove the equivalence between Horiuchi-type 3-cluster OCM with the pairwise orthogonality conditions and the method of orthogonalizing pseudo-potentials. A nice point of the present approach is that one no longer needs the process to take the strength parameter, λ in Eq. (2.30), infinity, which may cause a serious numerical instability if the model space to solve the 3-cluster equation is too small in the variational-type calculation. We think that this is a great merit to use the T -matrix formalism. As a typical example, we investigate the 3α system in which the pair α's interact with the deep local potential by Buck, Friedrich and Wheatley (BFW potential) [14] . According to the general idea of the point-like α-cluster models, the redundant components of the 2α system are assumed to be the bound states of the 2α Hamiltonian. We find that the ground-state energy of this system is far below the experimental value, which is a different conclusion from that obtained in Ref. [15] in the variational method.
In the next section, the Faddeev formalism for the 3-cluster OCM is developed after a brief recapitulation of the previous Faddeev formalism using the 2-cluster RGM kernel [8, 9] . An application to the BFW potential with the bound-state Pauli forbidden states is also given. The relationship of the T -matrices derived for this particular case is easily generalized for more general types of the Pauli forbidden states. The third section discusses the numerical example of the present Faddeev formalism for the 3α system interacting via the BFW potential. The last section is devoted to a summary, and a simple formula for T -matrices is given in the Appendix.
Formulation

3-cluster Faddeev equation using the 2-cluster RGM kernel
We start from a two-cluster RGM equation for the relative wave function χ, expressed as
where ω is the total energy in the center-of-mass (c.m.) system, measured from the two-cluster threshold, ω = E−E int , H 0 is the relative kinetic-energy operator, and
is the RGM kernel composed of the direct potential V D , the sum of the exchange kinetic-energy and interaction kernels, G = G K + G V , and the exchange normalization kernel K. For simplicity, we assume a single-channel RGM and that there exists only one Pauli-forbidden state |u , which satisfies the eigen-value equation K|u = γ|u with the eigen-value γ = 1. The projection operator on the Pauliallowed space for the relative motion is denoted by Λ = 1−|u u|. Using the basic property of the Pauli-forbidden state |u , (H 0 +V D +G)|u = u|(H 0 +V D +G) = 0, we find that Eq. (2.1) is equivalent to
Here, we have defined 5) by generalizing ω in v(ω) to ε. The OCM approximation consists of 6) or more favorably changing the direct potential V D to a suitable effective local potential V eff . The basic procedure to define the "RGM T -matrix" is to separate 8) and to assume ε in v(ε) a simple parameter which should be determined by the surroundings of the interacting two clusters. Then we can derive a formal solution of the T -matrix equation 10) where
and G
(+)
v (ω, ε) is the corresponding true Green function. The introduction of the parameter ε in Eq. (2.9) is not strange if we consider the practical method to solve equations like Eqs. (2.1) and (2.6) with a redundant solution |u . In these equations we are actually solving Λχ or Λψ. The original Saito's suggestion [16, 17] for solving the OCM equation Eq. (2.6) is to assume Λψ = ψ or u|ψ = 0 and solve 
One can take the same process in the RGM equation Eq. (2.1). We start from Eq. (2.4) and change ω in v(ω) to ε. This is permissible since the energy dependence of the v(ε) term is usually very weak due to the structure ΛKΛ. For example, this term vanishes completely for simple systems like the two di-neutron system. [8] The energy dependence of the RGM interaction in the allowed space is later taken into account by a self-consistency condition. Similarly to Eq. (2.13), we set up with the equation
If we use Eq. (2.7), we can easily prove that this equation is nothing but 15) which no longer has the trivial solution |u except for ω = ε. A motivation to use T (ω, ε) in Eq. (2.10) for the Faddeev equation comes from the complete equivalence between the Faddeev equation and the 3-body equation interacting via v(ε) in the allowed model space. [8] Namely, for a system composed of three identical spinless particles, we can prove the equivalence between
under a common self-consistency condition
In Eq. (2.16), H 0 is the free three-body kinetic energy operator in the c.m. system, V RGM α (ε α ) represents the RGM kernel Eq. (2.2) for the α pair, and P is the projection operator onto the [3] -symmetric Pauli-allowed space, as defined in Refs. [8] and [11] . In the Faddeev equation Eq. (2.17), T (3) α (E, ε α ) is essentially the non-singular RGM T -matrix T (ω, ε) defined through Eq. (2.10):
where hᾱ is the relative kinetic-energy operator between the α-pair and the third particle. A nice point of the Faddeev equation Eq. (2.17) is that the total wave function Ψ , constructed from the three Faddeev components, ψ α , ψ β and ψ γ is automatically orthogonal to the Pauli-forbidden state in each pair:
This is because of the orthogonality property
which is derived from the formal solution in Eq. (2.10).
Application to the 3-cluster OCM
The above discussion on the 3-cluster systems interacting via pairwise 2-cluster RGM kernels can be straightforwardly extended to the ordinary 3-cluster OCM interacting via simple energy-independent local potentials. One only needs to modify
From Eqs. (2.7) and (2.8), the interaction term for the 2-cluster OCM equation, V OCM (ε), turns out to be
The full T -matrix of V OCM (ε) is defined through
The formal expression of T (ω, ε) is very similar to Eq. (2.10), but this time the "OCM T -matrix", T (ω), does not involve the ε-dependence. Namely, the ε-dependence appears only through the second term in T (ω, ε). Now we can write down two equivalent equations corresponding to Eqs. (2.16) and (2.17):
and
This time, we do not need the self-consistency condition Eq. (2.18), and Eq. (2.19) becomes T (3)
Since the orthogonality condition in Eq. (2.21) is still valid for T (ω), we can prove that the solution of Eq. (2.26) satisfies the orthogonality of the total wave function, Eq. (2.20).
If the Pauli forbidden state |u is a real bound state of V D , our expression for V OCM (ε) in Eq. (2.23) is further simplified. We assume that |u = |u B is the bound-state wave function, satisfying
with ε B (< 0) being the bound-state energy. Here, H 0 is the 2-cluster kineticenergy operator. Then, one can easily show that V OCM (ε) is reduced to
which is nothing but the Kukulin's pseudo-potential
with λ = ε − ε B . By using the general formula given in Appendix, we can find that the T -matrix defined through Eq. (2.24) is given by
where
On the other hand, (ω
if ω = ε B . By using Eq. (2.34), the second term of Eq. (2.31) in the right-hand side is greatly simplified through the relationship like
We find
we obtain 
which has no singularities if ω < 0. Let us consider a three-body system composed of three identical spinless particles with the mass M . One of such examples is the 3α system interacting via the BFW potential, discussed in the next section. The pairwise interaction is assumed to be the Kukulin's pseudo-potential V ps with λ = ε − ε B in Eq. (2.30). The three-body Schrödinger equation reads
This equation is transformed to the Faddeev equation by the standard procedure:
, and ψ α etc. are the three Faddeev components yielding the total wave function Ψ = ψ α + ψ β + ψ γ . Using Eq. (2.37), we find
Here, q is the momentum Jacobi coordinate between a pair and the third particle. If we multiply u B α | from the left-hand side, we obtain
If we take the limit λ → ∞ or ε → ∞, we obtain 
We can thus prove the equivalence between Eq. (2.43) with λ → ∞ and Eq. (2.25); namely, the equivalence between the Kukulin's OCM and the Horiuchi's OCM, when the Pauli forbidden state |u is the exact eigen-state for the local potential V D . In fact, this equivalence is also valid even when the |u is not the eigen-state of V D , which is proved in the next subsection. For the practical calculations, it is important to note that the Faddeev equation Eq. (2.47) for the 3α system involves some trivial solutions, which should be eliminated in the same way as is discussed in our previous paper Ref. [9] .
2.3 Equivalence between pairwise orthogonality conditions and the method of orthogonalizing pseudo-potentials in the 3-cluster systems
In this subsection, we will prove the equivalence between the Horiuchi's OCM and the Kukulin's OCM, even when the Pauli forbidden state |u is not the eigenstate of the pairwise potential V D . The essential point is that the OCM T -matrix T (ω) defined through T (ω, ε) in Eq. (2.24) is nothing but the T -matrix generated from the pseudo-potential V ps in Eq. (2.30) with |u B → |u and λ → ∞. Let us assume that |u is not the eigen-state of V D . The T -matrix generated from V ps with λ → ∞ is, from Eq. (2.31),
where T D (ω) and G D (ω) are the T -matrix and the full Green function of V D , respectively. On the other hand, we separate V OCM (ε) in Eq. (2.23) as
Then, the general formula in Appendix gives the T -matrix as
where t 1 and G 1 are the T -matrix and the full Green function of V 1 . Here we take ε → ∞ and obtain
Then, we find that
where G Λ is defined by
57)
, and satisfies
Since we have
Eq. (2.54) becomes
On the other hand,
where the last term in the right-hand side cancels with the last term of Eq. (2.60). Thus, we find In the following, we use 2 /M α = 10.4465 MeV · fm 2 and e 2 = 1.44MeV · fm for the comparison with Ref. [15] , unless otherwise specified. Table 1 shows the bound-state energies obtained by diagonalizing the negative-energy T -matrix in the momentum representation. We have two bound states, (0s) and (1s), in the relative S-state and one bound state, (0d), in the D-state. The relative momentum p is descritized using the Gauss-Legendre n 1 -point quadrature formula for each of the four intervals of 0 -1 fm −1 , 1 -3 fm −1 , 3 -6 fm −1 . and 6 -12 fm −1 . The large value of p beyond p 0 = 12 fm −1 is also taken into account by using the Gauss-Legendre n 3 -point quadrature formula through the mapping p = p 0 + tan {π(1 + x)/4}. 1 We choose n 1 = 15 and n 3 = 5, so that 65 points are used for solving the bound-state wave functions and the necessary T -matrix for solving the Faddeev equation. The second Jacobi coordinate q is also descritized with the Gauss-Legendre n 2 -point quadrature formula with n 2 = 10 in the similar way to p, but in this case choosing only three middle points with q = 1 fm −1 , 3 fm −1 and 6 fm −1 is good enough. The Gauss-Legendre n 3 -point quadrature formula with q = q 0 + tan {π(1 + x)/4} is also applied to q ≥ q 0 = 6 fm −1 . In Table 1 , the result of the coordinate-space calculation using the Runge-Kutta-Gill method is also shown for comparison. In this case, we use the full Coulomb force in Eq. (3.1). We find that the choice R C = 10 fm in the momentum-representation calculation is accurate enough with the error less than 1 keV. The αα phase shifts by the BFW potential in Eq. (3.1) is very well reproduced, as is shown in the original paper [14] .
For solving the 3α Faddeev equation, it is important to note that there exist some trivial solutions related to the orthogonality condition Eq. (2.21) for the T T -matrix. As is discussed in Ref. [9] in detail, the eigen-value solutions of the rearrangement matrix S among the three different types of the Jacobi coordinates with the eigen-value τ = −1 are the redundant solutions of the Faddeev equation Eq. (2.47). If we express the three Pauli-forbidden bound states as |u B symbolically, this eigen-value equation reads
We find that the Faddeev component
is the trivial solution with the total wave function Ψ τ 0 = (1 + S)ψ τ 0 = 0 for τ = −1. The non-zero ψ τ 0 is the [21]-symmetric function with respect to the permutation of the 3α particles. We have two such trivial solutions for the 3α system with the total angular momentum L = 0. For this reason, the Faddeev equation Eq. (2.47) should be modified to
in order to find a unique solution with λ = 1. The solution of Eq. (3.5) with λ = 1 automatically satisfies Table 2 shows the results of the 3α Faddeev calculations for the L = 0 ground state, obtained by using the BFW potential and the cut-off Coulomb force with R C = 10 fm. "b.s." implies that the bound-state wave functions of the BFW potential are used for the Pauli forbidden states. Partial waves up to ℓ max are included in 2α and (2α)-α relative motion. The convergence of the ground state energy is very rapid when we increase ℓ max from 4 to 10. The accuracy in ℓ max = 8 is within 1 keV. We find a very large binding energy of 19.786 MeV for the 3α bound state, which is contradictory to the result in Ref. [15] . We have also calculated the overlap amplitude of the ground-state wave function, c (04) = Ψ [3] (04) L=0 |Ψ , where the SU 3 (04) shell-model wave function is expressed in the 3α cluster model as Table 3 with the h.o. |u is also shown in the bottom row for comparison. 
Here, U (40) (p) and U (40) (q) are the single-particle SU 3 states with the SU in the configuration space. 2 Since the binding energy is very large, the c (04) value is very close to 1, and is about 0.96. The squared norm of the redundant components defined by f |f with |f = u B |Ψ = u B |(1 + S)|ψ are also shown in the last column in Table 2 . Table 3 shows results of the 3α Faddeev calculations when the Coulomb force is switched off. We find that the Coulomb contribution in the present 3α ground state with the BFW potential is 7.84 MeV, which implies that our 3α ground state is rather compact compared with the microscopic 3α cluster model. In the latter case, the standard value is 5 ∼ 6 MeV.
In Table 3 , we also show in the upper rows "h.o." the result when the h.o. Pauli-forbidden states are used for |u , instead of the bound-state wave functions |u B of the BFW potential. The h.o. width parameter ν = 0.28125 fm −2 is again used for this calculation. We find that the 3α ground state is less bound, but the energy difference is only 2 MeV. In this case, the elimination of the Pauli forbidden states of the 3α system is rather easy, if we use the translationally invariant h.o. basis in the varaiational calculation. In Ref. [8] , we have examined the equivalence between such a variational calculation and the present Faddeev calculation using the 2-cluster RGM kernel. Table 4 state is very compact, the convergence with respect to the increase of N max is very fast, and N max = 60 is sufficient to obtain the converged result. We find that the Faddeev result in Table 3 is consistent with the variational calculation results in Tables 4 and 5 within the accuracy of 1 keV. We have also examined the 3α OCM, using the Kukulin's method of orthogonalizing pseudo-potentials (namely, Eq. (2.42)), for the h.o. Pauli-forbidden states |u . The results are shown in Table 5 with respect to the cases when the λ parameter in Eq. (2.30) is λ = 1 × 10 5 MeV and λ = 1 × 10 7 MeV. For λ = 1 × 10 7 MeV, we find a complete agreement with the result in Table 4 . The result of λ = 1 × 10 5 MeV is shown in the parentheses, which is reasonably different only in the last two digits. Namely, we do not find any jump of the 3α energies between λ = 1 × 10 5 MeV and 1 × 10 7 MeV, as claimed in Ref. [15] . All the energies stay at the large negative values. This is, of course, a rather expected result, since the h.o. basis is convenient for eliminating the Pauli-forbidden states with some particular h.o. quanta in the finite number of the basis states.
A conclusion derived from the above discussion is that the deeply bound feature of the 3α state in the BFW potential does not change much, even if one uses the real bound states for the BFW potential as the Pauli forbidden states |u . This is because the deeply bound states have very large overlap with the h.o. Pauli forbidden states. The strongly attractive feature of the BFW potential in the 3α system is related to the short range nature of this potential, in comparison with the usual folding potentials in the OCM formalism. As an example of the usual 3α OCM, we show in Table 6 the result of the αα folding potential using the Schmid-Wildermuth force [18] with ν = 0.257 fm −2 . In this case, we use 2 /M N = 41.4711 MeV · fm 2 for the microscopic 3α model. We find that the 3α energy is −10.62 MeV and it is not overbound, since the Coulomb energy is about 5 -6 MeV.
The short range nature of the BFW potential can be seen, by directly comparing the nuclear part of the αα potentials: We have used an almost pure Serber force with the Majorana parameter m = 0.56, which corresponds to X d = 8W + 4B − 4H − 2M = 2.4 in Eq. (3.9). The 1/e ranges of these potentials are b = 2.13 fm for the BFW potential and b = 2.35 fm for the folding potential. Since we have calculated ε 2α , we can evaluate the contributions of the kinetic-energy and the potential-energy terms separately through the simple expression; H 0 = 2(3ε 2α − E) and V = 3(E − 2ε 2α ). (See, for example, Ref. [19] .) Table 7 clearly shows that the large 3α energy of the BFW potential is the result of the large cancellation of the kinetic-energy and potential-energy contributions. In the original 3α OCM calculation using the Table 8 . The correlation between the 3α ground-state energy E3α and the depth of the direct potential V0. with b = 2.29 fm and the converged 3α bound-state energy is −14.66 MeV. 3 We find that the 3α energy is strongly correlated with the depth of the direct potential V 0 , as shown in Table 8 . If we extrapolate the BFW value from the above two results of the SW force, we find −28.63 MeV for the BFW potential, which is very close to the calculated value −27.62 MeV. It is natural that a steep potential gives stronger binding in the 3α system, since the effect of the potential term is by factor 1.5 larger than in the 2α system, as was pointed out by Horiuchi [12] .
Summary
In this study, we have developed the Faddeev formalism for the three cluster systems, which "exactly" takes into account the Pauli-forbidden states. Actually, the exact Pauli-forbidden states of three-cluster systems are defined through the eigen-value problem of the three-cluster normalization kernel with the eigenvalue zero. However, the pairwise orthogonality conditions to the total wave functions developed in this paper is known to give a good approximation for the exact Pauli-allowed space obtained by the diagonalization procedure of the normalization kernel. For example, in the 3α system composed of the simple (0s) 4 harmonic-oscillator (h.o.) shell-model wave functions this correspondence is completely verified by enumerating the SU 3 allowed states in the translationally invariant h.o. basis. [20] The main result of this paper is that it is this type of three-cluster OCM with pairwise orthogonality conditions that leads to the complete equivalence to the three-cluster Faddeev equation interacting only by pairwise interactions. The pairwise interaction can be two-cluster RGM kernel with the linear energy dependence, two-cluster folding potentials of the effective two-body force, or the deep phenomenological local potential like the Buck, Friedrich and Wheatley potential (BFW potential) [14] . In order to formulate the three-cluster Faddeev equation with explicit elimination of the pairwise Pauli-forbidden components, we only need to use the modified T -matrix, T (ω, ε), which eliminates the off-shell singularity related to the existence of the Pauli-forbidden states. This T -matrix is, in general, energy dependent (ε-dependent) for the three-cluster Faddeev equation using two-cluster RGM kernels, and the energy dependence is self-consistently determined by calculating the expectation value of the two-cluster Hamiltonian with respect to the resultant Faddeev solution. [8] On the other hand, in the three-cluster OCM, considered in the present paper, T (ω) is energy independent. The Pauli forbidden state in this OCM could be the h.o. wave functions of the microscopic two-cluster system, or the real bound states of the phenomenological local potentials between two clusters. We find that the Kukulin's method of orthogonalizing pseudo-potentials [13] is completely equivalent to the threecluster OCM with pairwise orthogonality conditions, which is first proposed by Horiuchi [11] . We have proven this equivalence through the equivalence between each model and the present three-cluster Faddeev formalism using T (ω). A nice feature of the present Faddeev formalism is that the T -matrix description of the two-cluster interaction allows us to take the limit λ → ∞ analytically in the method of orthogonalizing pseudo-potentials, and that the solution of the Faddeev equation automatically guarantees the pairwise orthogonality conditions of the total wave function, owing to the orthogonality property of the T (ω) Tmatrix.
As an example, we have applied the present three-cluster Faddeev formalism to the 3α system interacting via the BFW αα potential [14] . The Pauli-forbidden states are assumed to be the real bound states of the potential. We have found that this potential yields the 3α ground-state energy −19.786 MeV, which is contradictory to the result of the variational calculation in Ref. [15] . This feature of the large overbinding does not change even when we use the h.o. Pauli forbidden states with a reasonable width parameter of the α-clusters. This feature is traced back to the shallowness of the BFW αα potential, in comparison with the folding potential usually used in the microscopic 3α cluster model. The validity of the 3α boson model described by the BFW αα potential is examined by calculating other physical observables, like the rms radius of 12 C, using the obtained 3α ground-state wave function.
A simple formula for T -matrix
In this Appendix, we will show a general formula of the T -matrix for the sum of two potentials. From a simple calculation, the T -matrix for V = V1 + V2 is expressed as T = T1 + T2 with T1 = t1 + t1G0T2 , T2 = t2 + t2G0T1 , (A.1)
where t1 and t2 are the T -matrices of V1 and V2, respectively:
If we further assume V2 = λ |u u|, we find Namely, our RGM T -matrix T (ω, ε) is obtained from VRGM(ε) by the method of orthogonalizing pseudo-potentials.
